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Internal waves in a viscous atmosphere
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The way in which internal waves change in amplitude as they propagate through
an incompressible fluid or an isothermal atmosphere is considered. A similarity
solution for the small amplitude isolated viscous internal wave which is generated
by a localized two-dimensional disturbance or energy source was given by
Thomas & Stevenson (1972). It will be shown how summations or superpositions
of this solution may be used to examine the behaviour of groups of internal waves.
In particular the paper considers the waves produced by an infinite number of
sources distributed in a horizontal plane such that they produce a sinusoidal
velocity distribution. The results of this analysis lead to a new small perturbation
solution of the linearized equations.

1. Introduction

The propagation of small amplitude waves in a non-dissipative stably stratified
fluid has been studied by Moore & Spiegel (1964), Midgley & Liemohn (1966) and
many others (see the review by Yeh & Liu 1974). The system of linearized equa-
tions governing the motion of small amplitude waves can be reduced to ordinary
differential equations by considering a wave form which is sinusoidal in the
horizontal co-ordinate. One difficulty with the inviscid solutions is that the
amplitudes of the internal waves increase exponentially with height.

The effects of an exponentially increasing kinematic viscosity on the damping
and reflexion of waves in an incompressible atmosphere was studied by Yano-
witch (1967). He showed that, as the altitude increases and the viscosity becomes
important, the wave amplitudes increase to a maximum and then reduce to
zero at high altitudes. At the high altitudes where viscosity is important, energy
is reflected back towards the ground. Yanowitch’s solution at low altitudes is
essentially an inviscid solution in which the amplitude ratio of the reflected wave
and the wave with upgoing energy is given by exp (—2#2H/A,), where A, is the
wavelength in the vertical direction and H is the stratification scale height.
Consequently the reflected waves become important only when the wavelength
is large compared with the scale height.

For a viscous heat-conducting isothermal atmosphere the altitude at which
the maximum amplitude occurs was obtained by a (not strictly valid) perturba-
tion analysis by Pitteway & Hines (1963) and numerically by Midgley & Liemohn
(1966). However the variation in the amplitude with altitude was not given.
Yanowitch’s theory has been extended to an isothermal atmosphere by Lyons &
Yanowitch (1974) for very small Prandtl numbers. Warren (1972) has considered
wave reflexions in an isothermal atmosphere and his results agree qualitatively



774 W. L. Chang and T. N. Stevenson

with Yanowitch’s incompressible theory. Warren’s amplitude ratio of reflected
and incident waves for an isothermal atmosphere is exp (—272H/[34,). Lindzen
(1970, 1971) and Lindzen & Blake (1971) included the effects of radiation in an
atmosphere with arbitrary distributions of background temperature. Their
numerical solutions for an isothermal atmosphere show that the wave amplitude
increases with altitude before eventually tending to a constant value.

Similarity solutions for an isolated internal wave were obtained for an incom-
pressible viscous fluid by Thomas & Stevenson (1972, 1973) and for a viscous
heat-conducting isothermal atmosphere by Stevenson, Bearon & Thomas (1974).
These are solutions for the wave which develops about a localized oscillatory
disturbance. It is these solutions which are used in the present paper and it will
be shown that, by distributing an infinite number of the ‘isolated’ waves, the
problem studied by Pitteway & Hines (1963) can be solved. The solutions have
A nolarger than twice the stratification scale height and it is found that the wave
amplitudes approach zero at large altitudes without the addition of any reflected
waves. This is compatible with Yanowiteh’s and Warren’s analyses, which show
that wave reflexions are negligible for these wavelengths.

First of all an incompressible fluid will be considered and a superposition of the
isolated waves will be evaluated numerically. An approximate analytical integra-
tion of the isolated waves is then presented and it is this solution which gives the
clue to a small perturbation analysis of the linearized incompressible equations.
Solutions for an isothermal atmosphere are then approached in a similar manner.

2. Incompressible fluid
2.1. A summation of the isolated waves

Thomas & Stevenson (1972) considered an incompressible stratified fluid with
a constant buoyancy frequency w,. A horizontal cylinder oscillating at a fre-
quency « which is less than w, produces an internal wave which looks like
a St Andrew’s cross. A similarity solution was obtained which showed that the
amplitudes along the cross vary as X7 %, where

X’ . —
X, = fo v, (X)dX'. (1)

X’ is the dimensionless distance defined by X’ = Xf§sin 8, where X is the true
distance, with the X axis inclined at an angle @ to the horizontal (figure 1). v, is
the value of the undisturbed kinematic viscosity on the X axis divided by the
kinematic viscosity v* at the virtual origin of the wave, where X = 0. £ = wj/g is
the inverse scale height and ¢ is the gravitational acceleration. The background
density distribution p, is given by p, = p*exp (— fz) with the z axis vertical
(figure 1). The undisturbed density distribution along the X axis is given by

r = p(X")[p* = exp (- X'). (2)
The starred conditions are constant reference conditions at X = 0. The velocity
component along the wave is given by

U= (;ﬂ) rE X7 Re {exp (—iwt) f " K exp (iKy— K%)dK\, (3)

0 0
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Ficure 1. The co-ordinate systems.

where @ is a constant amplitude coefficient, ¢ is the time and 7 is the similarity

variable: 7 = (YBsin6jaX}). (@)
o is a viscosity coefficient given by
o = {(w3v*/2g?) tan O sin O} (5)

and 6 = sin—(w/w,). We consider a kinematic viscosity which varies exponentially
with height, so that v, = exp X’. This implies that the viscosity # has a constant
value throughout the fluid. Thus from (1)

X, ={expX'—1}. (6)
The velocity component V, which is in the Y direction, is found to be very small
and it will be neglected in the numerical summations.

Many isolated waves having the same frequency are now placed side by side
with all their sources or virtual origins in the same horizontal plane. The sources
extend from — o0 to + o0 and their phases are consistent with a sinusoidal velocity
distribution of wavelength A in the horizontal direction. Referring to figure 1, we
look for the contribution to the velocity at the point (X, 0) from a source of
strength ¢ 67 at P, which is at a distance Z from 4. 4, at which x = z,and z = 2,
is the origin of the (X, Y) co-ordinate system. If the phase at P is given by
exp {i[k(zy+ %) — wt]}, where k = 27/A, then the contribution from the sources

between ¢ = —b and +b may be written, from (3), as
+b - ]
U=8f Tf*ngeXP{i[k(xow)-wt]}f Kexp{—Kii_i[w

]} dK dz,
aX}

(7)
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Fieure 2. The variation of the vertical displacement amplitude D with height for an
incompressible fluid. D(0) is the displacement amplitude at 2 = 0. wy = 3-88 x 102 rads,
B! = 6:56 km, u,kjw, = 2-% and v* at z = 0 is 6:24 x 105 m?fs. The virtual origin of the
waves was at z; = — 1 km. (Actually the virtual origin of the individual waves has no effect
on the results as expected.) , computed from superposition of individual waves using
(7)== —=—~— , computed from superposition of individual waves using (7), also the inviscid
solution; —-—-—- , from the superposition of waves using the Boussinesq approximation,
coincident with the Boussinesq exponentially decreasing solution.

with
Y =zsind, X, =[exp{fsin@(X—Zcosb)}—1], r, = (X;+1)7L. (8a-c)

Equation (7) is evaluated numerically, the first integral being truncated when
further increases in |b| have no noticeable effect on the velocity U to three signi-
ficant figures. The equation for the amplitude of the particle displacements is the
same as that for the velocity except that the phase differs by 7 and the constant
amplitude coefficient has a different value.

In figure 2 the variation of amplitude with height is presented for several
wavelengths and a particular background stratification. From the computations
it was found that lines of constant phase are almost straight lines at an angle 6 to
the horizontal. The horizontal phase velocity w, of the resulting wave system is
directed towards higher z (see figure 1) and u, = Aw,ysin 6/27. Consequently, by
superposition of a velocity —u, on the co-ordinate system, the flow model is
equivalent to a stationary wave system through which there is a mean horizontal
flow of velocity —u,,.

1t is possible to integrate (7) approximately without resorting to computation.
The width of the individual waves is very small and the integration with respect
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to Z has contributions only from sources within a very small range of Z. Thus
Z <€ X, so that the expression (8b) for X, is approximately
X, ={exp (Xpfsinf)—1}. 9)

The integral with respect to Z in (7) can now be taken from —oo to +co and,
after changing the order of integration,

U = srit Xytexp {i(kz,— a)t)}J‘co Kexp(—K3)
0

4] mna

xf exp[——i(l—{’ﬁm—ﬁ—k) E]dEdK, (10)
- 0 (X,X%

Kfsin?0
aX?

1

or U= 2ﬂsr;iX1“§‘exp{i(kx0—wt)}fwKexp(-—Ka)B[ —Ic] dK, (11)
0

where 8 1is the Dirac delta function. This readily integrates to give
2msri Yok —a3k*X,
= - exp -
f%sin* 6 B3sin® 6
The expressions for r;, @ and X, (2), (5) and (9) respectively, are substituted
into (12) to give

U

+i(lcw0—a)t)}. (12)

XfBsinf v*k3 (exp[XBsinf]—1)
U =00 exp{ 2 2w, fsin*d

1If the waves are stationary relative to the co-ordinate system and U is written in
terms of the vertical co-ordinate z with z = 0 at the level of the virtual origins
of the individual waves then

. . *k3 ——
U(z,z) = U(0)exp {zkx+ (g——zk cot 0) z—%}, (14)

+i(kxo—wt)}. (13)

where 0 = sin~1 (4yk/w,) and U(0) is constant.

If (13) or (14) is used to calculate curves of amplitude against altitude these
curves are indistinguishable from the numerical results shown in figure 2. Curves
for larger wavelengths are shown in figure 3. For large wavelengths, the ampli-
tude initially increases exponentially with height, following the inviscid theory,
before eventually attenuating. For small wavelengths, the amplitude decreases
exponentially with height, a result which can be readily deduced from the
Boussinesq equations. If the Boussinesq approximation had been made initially
then this would have been equivalent to writing r, =1 and X’ = X, in the
above equations. The solution for the vertical velocity perturbation would then be

. . . V3
Usin @ ~ w(x,z) = w(0)exp {zkx - (zk cot 8 + m) z}.

This equation can be derived directly from the Boussinesq form of the linearized
Navier-Stokes equations without using the isolated-wave theory. However the
details are not included because a more general solution is presented in the next
section.

In this paper the waves are assumed to be excited by some mechanism at
z = 0 or below, and there will be no attempt to match the solutions to a boundary-
layer region over a ground.
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Figure 3. The variation of the velocity perturbation |w(z)] with altitude for an incom-
pressible fluid. The background stratification is the same as that in figure 2.
from equation (13); — —, equation (20) using the coefficients 4, B and C. The perturba
tion parameter € e > 0-1 to the right of the chain-dashed line.

2.2. Perturbation analysis

For a steady flow the linearized incompressibility equation and the continuity
equation ate oufox -+ ow|oz = 0 (15)
and — o Op[0x +w dpy[dz = 0, (16)

where (—u,, 0) is a constant mean flow velocity and u and w are the velocity per-
turbations in the x and z directions, with the x axis horizontal and the z axis
vertically upwards. p is the density perturbation. The linearized momentum
equations, obtained by subtracting the hydrostatic relations, are
ou op ou
Poto g " o (52' axZ) 0 (17)
ow op T
and Po%o7- E_i-‘u(@zz-{_ ) pg = 0. (18)
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The viscosity u is assumed to be constant. We shall look for a wave solution
which is sinusoidal in %, so that w = w(z)expikz, p = p(2) exptkz, ete. The
pressure perturbation p is eliminated between (17) and (18), p is eliminated
using (16) and finally u is eliminated using (15). The resulting differential equation
for w is

ow 2 ow 5 12
" W_% ———+k4w +tku, l (po az)+p0 (—%—k)} =0, (19)

with p, = p*e#2. The boundary conditions are that w and all its derivatives
must approach zero as z—> o0 and w = w(0) at z = 0. In view of the results of the
superposition of the individual waves, we look for a solution of the form

w(z,) = w(0)exp {4z, — Ble(e — 1) + Ce2(e1 — 1) + De¥(e>1—1)...]},  (20)
where € =v¥kfuy, 2z =2p. (21)

On substituting this form for w into (19) and equating terms of like order in ¢e#t
it is found that
4 =} —i{{K¥w[uik?~1)—1}}], (22)
B = —i(K*— 42)?/(24 K?) (28)
and
C ={i[(1+44 +642+44%) —2K*(1+24)]+ BK*}[[2K?¥(1+24)], (24)

where K = k4. We shall restrict our attention to internal-wave solutions, and
for these K?(w2/u2k?*—1) > }. The sign of the square root in the expression for 4
corresponds to an inviseid solution without reflected waves. This will be dis-
cussed later.

When the amplitude variation with height is evaluated from (20) using the
coefficients 4, B and C, it is again found that there is no distinguishable difference
between the results and those shown in figure 2. On further examination it is
seen that, if 4 and B are expanded in terms of K—1 and if 6 is introduced as

sin=(ugk/w,), then % oob 0 1
4= (=27 [+o(z)) -

K 1

These leading terms are identical with those in (14), which was obtained from the
integration of the isolated waves.

Equation (20), with the coefficients 4, B and C, has been used to evaluate the
amplitude-altitude curves which are plotted in figure 3. The region in which
eer > 0-1 is also shown and it is in this region that (13) and (20) differ slightly.

Equation (20) for w(z) may be used to calculate mountain lee waves using an
equation for the vertical velocity perturbations or for the vertical displacements
of the form

f " f(k)w(z) dk,

0

where k,, is an upper limit on the wavenumber determined by the condition
eenr € 1. u, is constant and f(k) is chosen to satisfy a particular ground profile.
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Fioure 4. The variation of the perturbation velocity |w(z)] with height for an iso-
thermal atmosphere. § = 4:36 x 10-5 m~1, wy = 2-07 x 10~2 rad/s,y = 140,¢9 = 9-81 m/s?,
a, = 295 mfs, 0* = 0-72, ugkjw, = 2-% and v* at z = 0 is 6-24 x 10-5 m?/s. The z = 0 condi-
tions correspond to the International Standard Atmosphere (ISA) at 14 km. , super-
position of individual waves; — -~—-—, superposition of individual waves, also the inviseid
solution; ~————— , the Boussinesq solution with r; = 1 and X; = X".

The altitude is limited by the condition een € 1. €' is of order unity in the
calculations of the present paper but its value will depend on % and «,. Conse-
quently the condition Ceesr € 1 must be checked in any calculation. The lee
waves of course will not satisfy a no-slip condition at the ground.

3. Isothermal atmosphere
3.1. Summation of the isolated waves

A similarity solution for an isolated wave in a viscous heat-conducting atmosphere
was derived by Stevenson et al. (1974). The solution has the same form as the
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FicUrE 5. Results for larger wavelengths in an isothermal atmosphere having the same
background conditions as that in figure 4. The perturbation parameter ¢e®* > 0-1 to the
right of the chain-dashed line.

incompressible solution and the velocity along the wave is again given by (3)—(5).
However the 7, and X, are now defined by

r = exp[—yX'[(y—1)] 27

and X, = (1 +}1;) (7; 1){exp (777’-_)-(—1) - 1}, (28)

where o* is the Prandtl number and y is the ratio of the specific heats. Both * and
v are assumed constant. The buoyancy frequency is given by wy = (y— 1) gfa,,
where a, is the sound speed, which is constant. The individual waves are again
summed numerically and the amplitude variation with height is shown in
figure 4 for several wavelengths. The Boussinesq approximation is reasonable
when the wavelength is less than 20 m.

An approximate integration of the isolated waves again produces (12) and,
after substituting for r; and X, the velocity distribution becomes

_ . Y9 . _ vkiad(1+1/o*) ! Y92
U—U(O)exp[zkx+(2a% zkcotﬁ)z Swy7g sin*0 0030 exp P -1

(29)

and the temperature distribution takes a similar form. The amplitude-altitude
curves from (29) are indistinguishable from the numerical summations shown in
figure 4. Results for larger wavelengths are shown in figure 5.
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3.2. A small perturbation analysis

The linearized continuity and momentum equations for an isothermal atmo-
sphere are

op  dp, ou  ow
Uy p W az+p (afa =0, (30)
du op  Ou Pw
Pothog—p-tHo5+ (2/4+/\) (/4+/\s)5—3z—0, (31)
ow O 2w 0%
and Potto g — 2 g +/La—2+(2,u+/\) “’”“axa =0, (32)

where A, is the second coefficient of viscosity and both # and A, are taken as
constants. The energy equation and the equation of state are

oT ou ow T 02T
Po'toCy 5= —Po (%‘Fa—z) +k, (EF+W) =0 (33)
Pop _ay T
and —22 = 2Py, 34
4 po v pO % ( )

where 7' is the temperature perturbation, ¢, is the specific heat at constant volume,
k, is the thermal conduetivity and the subsecript zero refers to the undisturbed
background conditions. Again we look for a wave solution of the form
w = w(z)expikz, p = p(z)expikz, ete.
p is eliminated from the equations using the equation of state, « is eliminated
using (30) and then p is eliminated using the energy equation. The momentum
equations are now rather long ordinary differential equations in w and 7. In
view of the results of the individual-wave summation, and from the incom-
pressible solution, the following expressions are chosen for w and 7':
w(z,) = w(0) exp{Az, — Ble(en— 1) + Ce?(e?2 - 1) +...]} (35)

and

T(z) = 8(1+ Deer + Ee%e?*1 + ...) exp{Az, — Ble(er — 1) +...1}, (36)
where 8 is a constant which is related to the temperature 7(0) at z = 0 by
T(0) = (1+De+ Ee2+...) 8. The dimensionless vertical co-ordinate z, = ygz/ad
and ¢ = v¥kfu,. These are substituted into the differential equations and terms
of like order in ee% are equated. It is found that

A =} —i|{K¥wdfugk®+ M2~ 1)—1}}|, #7)
. 1—~2A42M% (F(1— A
B = 2‘;‘}/2{( 1‘}’_M2 )( (J('iMZ)+i+1) +F(—y2[A2—K2(1-—-M2)]-—1)}, (88)
_ —iay(1—-yAM?)
- mw(m (39)
and
yM?

{B1—yd)—wyK*F(1- M?)}
iy . &s) F(4+1)
+(Ay+1){AM (1+,u p= }, (40)
where K = ka3|yg, M = uyJayand F = 1 (A2/K?).

T (Ay+1)(1—yAM?)
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F1GURE 6. The variation in the perturbation |w(z)| with the frequency ratio wykfw, for
several wavelengths, showing the ratio of the perturbation at z = 90 km to that at z = 0.
The conditions are the same as those in figure 4.

If A and B are expanded in powers of K1 then

4 =%—iK cot {1 + O(K1)} (41)
d B=— X (142 ){1 0K 42
an = Seindcoso\ T Ut )} (42)

These leading terms give the same equation as that from the superposition of the
individual waves, equation (29). The region in which the perturbation parameter
ee® > 0-1is to the right of the chain-dashed line in figure 5. The way in which the
angle 0 or the frequency ratio u,k/w, affects the wave amplitude is given by (29)
and specific examples are shown in figure 6.
The altitude z,, at which the velocity perturbation |w(z)| reaches a maximum,
from (29), is
al w, 8in? 6 cos 0
=S e i e )
This equation has been used to evaluate the curves in figures 7 and 8.
Pitteway & Hines (1963) studied the viscous problem as a perturbation of the
inviscid solution. Their perturbation equations have the solution

w(2) = wi(1 —v*k3aier[2ygw,sint 0 cos 6), (44)



784 W. L. Chang and T'. N. Stevenson

<«— A(m)
10* 102
1 1 10Tl T | 1 T 1T 11711} 1 /
r Z,=50 km
1073 b= 10%
T L g
g [ =
5 N
)
1074 104
)11y 1 [ A ]
5%x10-3 10-# 5%x10~* 103
k2w (m-1)

Fiaure 7. The altitude at which the perturbations are a maximum. z = 0 corresponds to
14 km in the ISA. A, and k, are the z-direction wavelength and wavenumber respectively.
, equation (43); —-—-—, A = A,.

where w; is the inviscid solution without reflected waves. From this equation
the altitude at which the velocity is a maximum is given by

{g Ygw, sin*d cos 0}

2
a?
z =—1o
m Ee 3 azv*ks

79
Equations (45) and (43) differ by a factor of £ and a conduction term (14 o*-1).
The erroneous % in (45) arises because the correction to the inviscid solution is
no longer small at the maximum amplitude position.

The analysis presented in the present paper is not a perturbation of the inviscid
solution and is more general than that of Pitteway & Hines. The present solution
reduces to (44) only if the following extra simplifications are imposed: (a) K1 < 1,
(b) Beer <€ 1, which is equivalent to assuming that the solution is a perturbation
of the inviscid solution, and (¢) thermal conduction effects are neglected.

Yeh & Liu (1974) have found z,, by considering the energy dissipated within
the atmosphere. At a particular position in the atmosphere the change in
amplitude of a wave is written as exp (42, — £2,), where exp 4z, is the exponential
increase in the inviscid solution. £ is a damping coefficient given by the time-
averaged energy dissipation divided by twice the vertical component of the
energy flux for an inviscid atmosphere. The altitude at which the amplitude is
a maximum ocecurs when § = 4. For large K, Yeh & Liu’s solution for the
position of maximum amplitude is the same as (43).

Midgley & Liemohn’s (1966) numerical solution is for a realistic atmosphere
and the viscosity variation is different from that in the present paper. Even so,

(45)
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Ficure 8. The altitude z,, at which the velocity |w(z)| is & maximum, for several periods

of oscillation. T' = 2m[usk; A, is the wavelength in the z direction. , equation (43);
————— , Midgeley & Liemohn (1966), T' = 10 min.

the positions of the maximum amplitudes, shown in figure 8, are not too far from
those predicted by (43). Midgley & Liemohn also have the perturbations ap-
proaching zero at large z as in this paper. However this is unlike the behaviour
in the paper by Lindzen (1970), where the perturbations approach a constant
value at large heights. Lyons & Yanowitch (1974) also have perturbations
approaching a constant value but their solution is for Prandtl numbers which
are an order of magnitude less than that used here. Their isothermal-atmosphere
solution is for the disturbance over a flat surface which performs vertical oscilla-
tions and kis zero. They do indicate that at larger Prandtl numbers the behaviour
should be similar to that of Yanowitch’s (1967) incompressible solution, for
which the perturbations do approach zero at large heights.

The present theory has not included the effects of the reflected waves con-
sidered by Yanowitch (1967) or Warren (1972). However the largest vertical
wavelengths used for both the incompressible and the isothermal case are about
10km. This corresponds to ratios of the amplitudes of the reflected and incident
waves of 3 x 10~¢ from Yanowitch’s incompressible theory and 1-4 x 10~2 from
Warren’s isothermal theory. Thus for both cases the reflected waves are of
negligible magnitude.

50 FLM 72
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4, Conclusions

It has been shown that the previous isolated-wave solutions of Thomas &
Stevenson may be superimposed to calculate a wave system which is sinusoidal
in the horizontal direction. Although a constant viscosity was used in the sum-
mations for incompressible fluid, the theory could accommodate variations in
viscosity. The wave summations suggested new small perturbation expansions
for the solution of the linearized equations for both an incompressible fluid and
an isothermal atmosphere. The first terms in the expansions have been obtained.
The equations have been used to calculate the way in which the amplitude varies
with height and with the angle at which the energy is propagating.

Groups of waves may be summed in a similar manner. The edges of the groups
will attenuate whereas the waves in the central regions of the groups will initially
amplify provided that the wavelength is sufficiently large. Simple examples were
given by Stevenson et al. (1974).

The authors appreciate the helpful discussions with Dr I. M. Hall.
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